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a b s t r a c t
In this paper, the Adomian decomposition method with Green’s function is applied to
solve linear and nonlinear sixth-order boundary value problems. The numerical results
obtained with a small amount of computation are compared with the exact solutions to
show the efficiency of the method. The results show that the decomposition method is
of high accuracy, more convenient and efficient for solving high-order boundary value
problems.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
In the recent literature there is a growing interest to solve linear and nonlinear sixth-order boundary value problems.
The reader is referred to [1–7] for an overview of the recent work in this area. In the beginning of the 1980s, Adomian [8–11]
proposed a new and fruitful method (hereafter called the Adomian Decomposition Method or ADM) for solving linear and
nonlinear (algebraic, differential, partial differential, integral, etc.) equations. It has been shown that this method yields a
rapid convergence of the solutions series to linear and nonlinear deterministic and stochastic equations. The main objective
of this paper is to apply the ADM with Green’s function to linear and nonlinear sixth-order boundary value problems with
boundary conditions defined at even-order derivatives.
Let us consider the general functional equation
y− Ny = f , (1.1)
where N is a nonlinear operator, f is a known function, and we are seeking the solution y satisfying (1.1). We assume that
for every f , (1.1) has one and only one solution.
The Adomian’s technique consists of approximating the solution of (1.1) as an infinite series
y =
∞−
n=0
yn, (1.2)
and decomposing the nonlinear operator N as
Ny =
∞−
n=0
An, (1.3)
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where An are polynomials (called Adomian polynomials) of y0, . . . , yn [8–11] given by
An = 1n!
dn
dλn

N
 ∞−
i=0
λiyi

λ=0
, n = 0, 1, 2, . . . .
The proofs of the convergence of the series
∑∞
n=0 yn and
∑∞
n=0 An are given in [10,12–16]. Substituting (1.2) and (1.3) into
(1.1) yields
∞−
n=0
yn −
∞−
n=0
An = f .
Thus, we can identify
y0 = f ,
yn+1 = An(y0, . . . , yn), n = 0, 1, 2, . . . .
Thus all components of y can be calculated once the An are given. We then define the n-term approximant to the solution y
by φn[y] =∑n−1i=0 yi with limn→∞ φn[y] = y.
2. ADM applied to sixth order BVP
Consider the sixth-order BVP:
y(6)(x)+ g(x, y) = f (x), a ≤ x ≤ b (2.1)
with boundary conditionsy(a) = α0, y(b) = β0,y′′(a) = α2, y′′(b) = β2,y(4)(a) = α4, y(4)(b) = β4, (2.2)
where y = y(x), g(x, y) is a linear or nonlinear function of y, and f (x) are continuous functions defined in the interval
x ∈ [a, b] and αi, βi; i = 0, 2, 4 are finite real constants.
Applying the decomposition method as in [8–11], Eq. (2.1) can be written as
Ly = f (x)− Ny,
where L = d6
dx6
is the linear operator and Ny = g(x, y) is the nonlinear operator. Consequently,
y = h(x)+
∫ b
a
G(x, ξ)f (ξ)dξ −
∫ b
a
G(x, ξ)Nydξ,
where h(x) is the solution of Ly = 0 with the boundary conditions (2.2) and G(x, ξ) is the Green’s function given by
G(x, ξ) =

g1(x, ξ) if a ≤ ξ ≤ x ≤ b
g2(x, ξ) if a ≤ x ≤ ξ ≤ b.
Using (1.2) and (1.3) it follows that
∞−
n=0
yn = h(x)+
∫ b
a
G(x, ξ)f (ξ)dξ −
∫ b
a
G(x, ξ)
∞−
n=0
Andξ . (2.3)
From (2.3), the iterates defined using the Standard Adomian Method are determined in the following recursive way:
y0 = h(x)+
∫ b
a
G(x, ξ)f (ξ)dξ,
yn+1 = −
∫ b
a
G(x, ξ)Andξ . n = 0, 1, 2, . . . .
Using the Modified Technique [17], according to (2.3), the iterates are determined in the following recursive way:
y0 = h(x),
y1 =
∫ b
a
G(x, ξ)f (ξ)dξ −
∫ b
a
G(x, ξ)A0dξ,
yn+2 = −
∫ b
a
G(x, ξ)An+1dξ, n = 0, 1, 2, . . . .
That is, we use the functional iteration with analytical integration to compute yn(x), and to obtain the sequence {yn(x)}∞n=0,
we also calculate φn(x) in ordinary form, i.e., φn(x) =∑n−1i=0 yi(x).
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3. Applications
In this section, the ADM with the Green’s function (Standard Adomian and Modified Technique) for solving linear
(nonlinear) sixth-order boundary value problems is illustrated in the following examples. To show the high accuracy of
the solution results compared with the exact solution, the maximum error is defined as:
En = ‖yExact(x)− φn(x)‖∞,
where n = 1, 2, . . . represents the number of iterations. Moreover, we give a comparison among ADMwith Green’s function
(Standard Adomian and Modified Technique). The computations associated with the examples were performed using a
Maple 12 package with a precision of 40 dígits.
Example 1. Consider the following linear BVP of sixth order [1–3]:
y(6)(x)+ xy(x) = −(24+ 11x+ x3)ex, 0 ≤ x ≤ 1 (3.1)
with boundary conditionsy(0) = 0, y(1) = 0,y′′(0) = 0, y′′(1) = −4e,y(4)(0) = −8, y(4)(1) = −16e. (3.2)
The exact solution of (3.1), (3.2) is
yExact(x) = x(1− x)ex.
Applying the decomposition method as in [8–11], Eq. (3.1) can be written as
Ly = −(24+ 11x+ x3)ex − xy(x),
where L = d6
dx6
is the linear operator. Consequently,
y(x) = h(x)−
∫ 1
0
G(x, ξ)(24+ 11ξ + ξ 3)eξdξ −
∫ 1
0
G(x, ξ)ξy(ξ)dξ,
where h(x) is the solution of Ly = 0 with the boundary conditions (3.2) given by
h(x) =

1− 2e
15

x5 − 1
3
x4 +

4− 2e
9

x3 −

8− 16e
45

x
and G(x, ξ) is Green’s function given by
G(x, ξ) =

g1(x, ξ) if 0 ≤ ξ ≤ x ≤ 1
g2(x, ξ) if 0 ≤ x ≤ ξ ≤ 1
where
g1(x, ξ) =

1
120
x− 1
120

ξ 5 +

1
36
x3 − 1
12
x2 + 1
18
x

ξ 3 +

1
120
x5 − 1
24
x4 + 1
18
x3 − 1
45
x

ξ
g2(x, ξ) =

1
120
ξ − 1
120

x5 +

1
36
ξ 3 − 1
12
ξ 2 + 1
18
ξ

x3 +

1
120
ξ 5 − 1
24
ξ 4 + 1
18
ξ 3 − 1
45
ξ

x
Using (1.2) it follows that
∞−
n=0
yn(x) = h(x)−
∫ 1
0
G(x, ξ)(24+ 11ξ + ξ 3)eξdξ −
∫ 1
0
G(x, ξ)ξ
∞−
n=0
yn(ξ)dξ . (3.3)
From (3.3), the iterates defined using the Standard Adomian method are determined in the following recursive way:
y0(x) = h(x)−
∫ 1
0
G(x, ξ)(24+ 11ξ + ξ 3)eξdξ,
yn+1(x) = −
∫ 1
0
G(x, ξ)ξyn(ξ)dξ, n = 0, 1, 2, . . . .
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Table 1
Maximum error of the Standard and Modified
methods.
En Standard adomian Modified technique
E2 1.254E−07 3.537E−05
E3 6.534E−11 1.843E−08
E4 3.405E−14 9.607E−12
E5 1.775E−17 5.007E−15
Using the Modified Technique [17], according to (3.3), the iterates are determined in the following recursive way:
y0(x) = h(x),
y1(x) = −
∫ 1
0
G(x, ξ)(24+ 11ξ + ξ 3)eξdξ −
∫ 1
0
G(x, ξ)ξy0(ξ)dξ,
yn+2(x) = −
∫ 1
0
G(x, ξ)ξyn+1(ξ)dξ, n = 0, 1, 2, . . . .
The maximum error of the Standard and Modified methods are given in the Table 1.
Comparing it with the Sextic splines method [1,2] and Non-polynomial splines method [3] results, we notice that the
result obtainedby thepresentmethod is very superior (lower error combinedwith less number of iterations) to that obtained
by the two previous mentioned methods. From Table 1, it can be deduced that, the error decreased monotically with the
increment of the integer n.
Example 2. Consider the following linear BVP of sixth order [4,5]:
y(6)(x)− y(x) = −6ex, 0 ≤ x ≤ 1 (3.4)
with boundary conditionsy(0) = 1, y(1) = 0,y′′(0) = −1, y′′(1) = −2e,y(4)(0) = −3, y(4)(1) = −4e. (3.5)
The exact solution of (3.4), (3.5) is
yExact(x) = (1− x)ex.
Applying the decomposition method as in [8–11], Eq. (3.4) can be written as
Ly = −6ex + y(x),
where L = d6
dx6
is the linear operator. Consequently,
y(x) = h(x)− 6
∫ 1
0
G(x, ξ)eξdξ +
∫ 1
0
G(x, ξ)y(ξ)dξ,
where h(x) is the solution of Ly = 0 with the boundary conditions (3.5) given by
h(x) =

3− 4e
120

x5 − 1
8
x4 +

3− 2e
9

x3 − 1
2
x2 −

66− 23e
90

x+ 1
and G(x, ξ) is the Green’s function given previously in Example 1.
Using (1.2) it follows that
∞−
n=0
yn(x) = h(x)− 6
∫ 1
0
G(x, ξ)eξdξ +
∫ 1
0
G(x, ξ)
∞−
n=0
yn(ξ)dξ . (3.6)
From (3.6), the iterates defined using the Standard Adomian method are determined in the following recursive way:
y0(x) = h(x)− 6
∫ 1
0
G(x, ξ)eξdξ,
yn+1(x) =
∫ 1
0
G(x, ξ)yn(ξ)dξ, n = 0, 1, 2, . . . .
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Table 2
Maximum error of the Standard and Modified methods.
x Standard adomian Modified technique
E2 E3 E2 E3
0.0 0 0 0 0
0.1 3.25532E−7 3.38560E−10 3.98563E−6 4.14625E−9
0.2 6.19185E−7 6.43979E−10 7.58127E−6 7.88663E−9
0.3 8.52208E−7 8.86360E−10 1.04350E−5 1.08550E−8
0.4 1.00179E−6 1.04198E−9 1.22676E−5 1.27609E−8
0.5 1.05330E−6 1.09560E−9 1.28995E−5 1.34176E−8
0.6 1.00170E−6 1.04198E−9 1.22687E−5 1.27609E−8
0.7 8.52065E−7 8.86358E−10 1.04368E−5 1.08551E−8
0.8 6.19042E−7 6.43977E−10 7.58302E−6 7.88666E−9
0.9 3.25443E−7 3.38558E−10 3.98671E−6 4.14626E−9
1.0 0 0 0 0
Using the Modified Technique [17], according to (3.6), the iterates are determined in the following recursive way:
y0(x) = h(x),
y1(x) = −6
∫ 1
0
G(x, ξ)eξdξ +
∫ 1
0
G(x, ξ)y0(ξ)dξ,
yn+2(x) =
∫ 1
0
G(x, ξ)yn+1(ξ)dξ, n = 0, 1, 2, . . . .
Table 2 shows a comparison of the maximum errors applying Standard and Modified methods (with E2 and E3).
From Table 2, it can be deduced that, the error decreased monotically with the increment of the integer n.
Example 3. Consider the following linear BVP of sixth order [1–3]:
y(6)(x)+ y(x) = 6(2x cos x+ 5 sin x), −1 ≤ x ≤ 1 (3.7)
with boundary conditions
y(−1) = y(1) = 0,
y(2)(−1) = −y(2)(1) = −4 cos(1)− 2 sin(1),
y(4)(−1) = −y(4)(1) = 8 cos(1)+ 12 sin(1).
(3.8)
The exact solution of (3.7), (3.8) is
yExact(x) = (x2 − 1) sin x.
Applying the decomposition method as in [8–11], (3.7) can be written as
Ly(x) = 6(2x cos x+ 5 sin x)− y(x),
where L = d6
dx6
is the linear operator. Consequently,
y(x) = h(x)+ 6
∫ 1
−1
G(x, ξ)(2ξ cos ξ + 5 sin ξ)dξ −
∫ 1
−1
G(x, ξ)y(ξ)dξ,
where h(x) is the solution of Ly = 0 with the boundary conditions (3.8) given by
h(x) = −
[
1
10
sin(1)+ 1
15
cos(1)
]
x5 +
[
2
3
sin(1)+ 8
9
cos(1)
]
x3 −
[
17
30
sin(1)+ 37
45
cos(1)
]
x
and G(x, ξ) is the Green’s function given by
G(x, ξ) =

g1(x, ξ) if − 1 ≤ ξ ≤ x ≤ 1
g2(x, ξ) if − 1 ≤ x ≤ ξ ≤ 1
where
g1(x, ξ) =

1
240
x− 1
240

ξ 5 +

1
48
x− 1
48

ξ 4 +

1
72
x3 − 1
24
x2 + 1
36
x

ξ 3
+

1
24
x3 − 1
8
x2 + 1
12

ξ 2 +

1
240
x5 − 1
48
x4 + 1
36
x3 − 1
90
x

ξ + 1
240
x5 − 1
48
x4 + 1
12
x2 − 1
15
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Table 3
Maximum error of the Standard and Modified
methods.
En Standard adomian Modified technique
E2 3.978E−07 2.646E−05
E3 4.137E−10 2.752E−08
E4 4.304E−13 2.863E−11
E5 4.476E−16 2.978E−14
g2(x, ξ) =

1
240
ξ − 1
240

x5 +

1
48
ξ − 1
48

x4 +

1
72
ξ 3 − 1
24
ξ 2 + 1
36
ξ

x3
+

1
24
ξ 3 − 1
8
ξ 2 + 1
12

x2 +

1
240
ξ 5 − 1
48
ξ 4 + 1
36
ξ 3 − 1
90
ξ

x+ 1
240
ξ 5 − 1
48
ξ 4 + 1
12
ξ 2 − 1
15
.
Using (1.2) it follows that
∞−
n=0
yn(x) = h(x)+ 6
∫ 1
−1
G(x, ξ)(2ξ cos ξ + 5 sin ξ)dξ −
∫ 1
−1
G(x, ξ)
∞−
n=0
yn(ξ)dξ . (3.9)
From (3.9), the iterates defined using the Standard Adomian method are determined in the following recursive way:
y0(x) = h(x)+ 6
∫ 1
−1
G(x, ξ)(2ξ cos ξ + 5 sin ξ)dξ,
yn+1(x) = −
∫ 1
−1
G(x, ξ)yn(ξ)dξ, n = 0, 1, 2, . . . .
Using the Modified Technique [17], according to (3.9), the iterates are determined in the following recursive way:
y0(x) = h(x),
y1(x) = 6
∫ 1
−1
G(x, ξ)(2ξ cos ξ + 5 sin ξ)dξ −
∫ 1
−1
G(x, ξ)y0(ξ)dξ,
yn+2(x) = −
∫ 1
−1
G(x, ξ)yn+1(ξ)dξ, n = 0, 1, 2, . . . .
The maximum error of the Standard and Modified methods are given in the Table 3.
Comparing it with the Sextic splines method [1,2] and Non-polynomial splines method [3] results, it can be noticed that
the result obtained by the present method is very superior (lower error combined with less number of iterations) to that
obtained by the two previous mentioned methods. Table 3 shows that the error decreases monotically with the increment
of the integer n.
Example 4. Consider the following nonlinear BVP of sixth-order [3–7]:
y(6)(x) = e−xy2(x), 0 < x < 1 (3.10)
with boundary conditions
y(0) = y′′(0) = y(4)(0) = 1,
y(1) = y′′(1) = y(4)(1) = e. (3.11)
The exact solution of (3.10), (3.11) is
yExact(x) = ex.
Applying the decomposition method as in [8–11], Eq. (3.10) can be written as
Ly = e−xNy,
where L = d6
dx6
is the linear operator and Ny = y2 is the nonlinear operator. Consequently,
y(x) = h(x)+
∫ 1
0
G(x, ξ)e−ξNydξ,
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Table 4
Maximumerror of the StandardAdomianmethod.
x E2 E4 [7]
0.0 0 0 0
0.1 1.438E−6 1.148E−11 2.77E−10
0.2 2.735E−6 2.183E−11 5.22E−10
0.3 3.765E−6 3.005E−11 7.07E−10
0.4 4.426E−6 3.531E−11 8.18E−10
0.5 4.654E−6 3.711E−11 8.47E−10
0.6 4.426E−6 3.528E−11 7.95E−10
0.7 3.765E−6 3.000E−11 6.70E−10
0.8 2.736E−6 2.179E−11 4.84E−10
0.9 1.438E−6 1.145E−11 2.55E−10
1.0 0 0 0
where h(x) is the solution of Ly = 0 with the boundary conditions (3.11) given by
h(x) =

e− 1
120

x5 + 1
24
x4 +

5e− 8
36

x3 + 1
2
x2 +

307e− 472
360

x+ 1
and G(x, ξ) is the Green’s function given previously in Example 1.
Using (1.2) and (1.3) it follows that
∞−
n=0
yn(x) = h(x)+
∫ 1
0
G(x, ξ)e−ξ
∞−
n=0
Andξ . (3.12)
From (3.12), the iterates defined using the Standard Adomian method are determined in the following recursive way:
y0(x) = h(x),
yn+1(x) =
∫ 1
0
G(x, ξ)e−ξAndξ, n = 0, 1, 2, . . . .
For the nonlinear term Ny = y2 =∑∞n=0 An the corresponding Adomian polynomials are:
An =
n−
i=0
yn−iyi, n ≥ i, n = 0, 1, 2, . . . .
Table 4 represents a comparison of the maximum errors applying the Standard Adomian method (with E2 and E4) with [7].
It can be noticed that the result obtained by the presentmethod is very superior (lower error combinedwith less number
of iterations). From Table 4, it can be deduced that, the error decreased monotically with the increment of the integer n.
Example 5. Finally, we consider the following nonlinear BVP of sixth-order [7]:
y(6)(x) = exy2(x), 0 < x < 1 (3.13)
with boundary conditions
y(0) = y′′(0) = y(4)(0) = 1,
y(1) = y′′(1) = y(4)(1) = e−1. (3.14)
The exact solution of (3.13), (3.14) is
yExact(x) = e−x.
Applying the decomposition method as in [8–11], Eq. (3.13) can be written as
Ly = exNy,
where L = d6
dx6
is the linear operator and Ny = y2 is the nonlinear operator. Consequently,
y(x) = h(x)+
∫ 1
0
G(x, ξ)eξNydξ,
where h(x) is the solution of Ly = 0 with the boundary conditions (3.14) given by
h(x) =

1− e
120e

x5 + 1
24
x4 +

5− 8e
36e

x3 + 1
2
x2 +

307− 472e
360e

x+ 1
and G(x, ξ) is the Green’s function given previously in Example 1.
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Table 5
Maximum error of the Standard
Adomian method.
x E4 [7]
0.0 0 0
0.1 4.213E−12 9.37E−11
0.2 8.015E−12 1.78E−10
0.3 1.104E−11 2.46E−10
0.4 1.298E−11 2.92E−10
0.5 1.365E−11 3.11E−10
0.6 1.299E−11 3.01E−10
0.7 1.105E−11 2.60E−10
0.8 8.032E−12 1.91E−10
0.9 4.223E−12 1.02E−10
1.0 0 0
Table 6
Maximum error of the Standard
Adomian method.
En Example 4 Example 5
E2 4.654E−06 1.712E−06
E3 1.240E−08 4.562E−09
E4 3.711E−11 1.365E−11
E5 1.191E−13 4.381E−14
E6 4.009E−16 1.475E−16
Using (1.2) and (1.3) it follows that
∞−
n=0
yn(x) = h(x)+
∫ 1
0
G(x, ξ)eξ
∞−
n=0
Andξ . (3.15)
From (3.15), the iterates defined using the Standard Adomian method are determined in the following recursive way:
y0(x) = h(x),
yn+1(x) =
∫ 1
0
G(x, ξ)eξAndξ, n = 0, 1, 2, . . . .
For the nonlinear term Ny = y2 =∑∞n=0 An the corresponding Adomian polynomials are:
An =
n−
i=0
yn−iyi, n ≥ i, n = 0, 1, 2, . . . .
Table 5 shows a comparison of the maximum errors applying the Standard Adomian method with [7].
It can be noticed that the result obtained by the presentmethod is very superior (lower error combinedwith less number
of iterations). From Table 5, it can be deduced that the error decreased monotically with the increment of the integer n.
Table 6 summarized the maximum errors applying the Standard Adomian method.
4. Conclusions
To our best knowledge this is the first result on the application of ADM with Green’s function (Standard Adomian and
Modified Technique) for solving linear (nonlinear) sixth-order boundary value problems. Comparison of the results obtained
by the present method with those obtained by the Sextic splines method, Non-polynomial splines method, Modified
decompositionmethod, Homotopy perturbationmethod, Variational iterationmethod andNonic-spline polynomialmethod
reveals that the present method is superior because of the lower error and fewer required iterations. It has been shown that
error is monotically reduced with the increment of the integer n.
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